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	In this paper, the integral equations are formulated and solved numerically for a cracked orthotropic strip with Functionally Graded Materials (FGMs) subjected to both static and dynamic loads. The Green's function of displacement discontinuity in an orthotropic FGM strip is derived by using the Fourier transform and the Laplace transform techniques with the shear modulus and the mass density varying exponentially, and constant Poisson's ratio for functionally graded materials. It has been shown that the transformed Green's solutions have the same order of singularities as that in the static case. The normalized time-dependent stress intensity factors are obtained with the Durbin’s inversion method for the Laplace transform. The static stress intensity factors are compared with the results given by finite element analysis and excellent agreements are achieved. 
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1.	Introduction 
	The material properties can be designed by controlling the spatial distribution of the composition and the volume fraction of their constituents, which is called Functionally Graded Materials (FGMs) in manufacturing. These materials have been introduced in recent years to benefit from the ideal performance of its constituents such as the high temperature, the corrosion resistance of the ceramics on one side and the large mechanical strength and toughness of the metals on the other, see [1] by Suresh and [2] by Miyamoto et al. Moreover, the functionally graded materials find their applications in aerospace, automobile, medicine and energy engineering. FGMs exhibit their isotropic or anisotropic material properties depending on the processing technique and the practical engineering requirements. To investigate the behaviors of FGMs numerically, we have to deal with a set of differential equation with variable coefficients, due to the material property dependence on the coordinates and directions. Apart from the Finite Element Method (FEM), the Boundary Element Method (BEM) is excellent for carrying out the stress analysis of anisotropic and linear elastic/viscoelastic FGMs, particularly for the crack problems. However, the fundamental functions are essential to carry on the classical BEM analysis. For two-dimensional elastostatic problems in homogeneous and anisotropic solids, the fundamental solution is available in closed forms [3,4]. However, as the elastodynamic fundamental solutions for anisotropic and linear elastic solids cannot be obtained in simple/closed forms, the applications of the BEM to elastodynamic problems in homogeneous, anisotropic and linear elastic solids in literature are very rare. The formulations and applications of the BEM in details can be found in the books by Mansur [5], Cruse [6] and Dominguez [7]. In the family of the BEM, the Method of Fundamental Solution (MFS) is getting more attraction due to its unique characteristics (see Burgess & Mahajerin [8], Wen [9,10], Fairweather & Karageorghis [11], Golberg & Chen [12], Marin & Lesnic [13]). The main characteristics of the MFS are of approximating the solution of the problem with a linear combination of fundamental solutions. Other effective approach is the Discontinuity Displacement Method (DDM), which is similar to the MFS from the super-position principle point of view. However, the main advantage of the DDM is its unique degree of accuracy for crack problems, see Crouch [14]. 
	For homogeneous, isotropic and linear elastic solids, elastodynamic fundamental solutions can be obtained in closed forms, both in the time and in the Laplace-transformed domain by Balas et al [15]. Although for exponentially graded non-homogeneous, isotropic and linear elastic solids, the fundamental solutions have been derived by Martin et al [16] for three dimensions statics and Chan et al [17] for two dimensions statics, the analytical solutions can only be expressed in some complicated finite integrals. The Fourier-integral representations of elastostatic and elastodynamic fundamental solutions have been recently applied by Zhang et al. [18,19] for static and dynamic crack analysis in FGMs with an exponential material gradation. Due to the mathematical complexities for the non-homogeneous nature of FGMs, there are only a few investigations on the transient dynamic responses of cracked FGMs. Dynamic responses under impact loading have been investigated by Babaei and Lukasiwicz [20], Li and Zou [21]. Therefore, the applications of the BEM to FGMs are very limited, due to the complexity of the fundamental solutions for general FGMs. Zhang et al. [22,23] presented a transient dynamic crack analysis for FGMs by using the BIEM with hyper-singularity in time domain. The radial integration method [24,25] are developed with boundary integral equation method to deal with fracture problems with FGMs. Sladek et al [26] extended the meshless method based on the local Petrov-Galerkin approach for stress analysis in two-dimensional (2D), anisotropic and linear elastic/viscoelastic solids with continuously varying material properties. The moving least squares method is adopted for approximating the physical quantities in the local boundary integral equations. Jin and Paulino [27] investigated a crack in a viscoelastic strip of FGM under tensile load with the extensional relaxation modulus. Both mode I and mode II stress intensity factors are obtained for the viscoelastic FGMs with correspondence principle.
	In this paper, the Green's function with displacement dislocation in a strip of FGM is derived by using the Fourier and the Laplace transform techniques. The integral equation with distribution of the displacement discontinuity is numerically solved to determine the stress intensity factors. As the Green's function is of hyper-singularity, the Chebyshev's polynomial of the second kind is employed. Static and dynamic stress intensity factors are determined from the coefficients of the Chebyshev's polynomials with high accuracy. Comparisons are made with the finite element method, in order to show the degrees of accuracy and convergence. 

2.	Green's function of displacement discontinuity
Consider a strip of thickness 2h and the Cartesian coordinate  shown in Figure 1. It is necessary to make assumptions for these material parameters for mathematical analysis. In static problems, several models have been proposed, such as power function, exponential function and linear function etc. In order to derive the fundamental solution in closed-form, the Young's moduli at x-direction and y-direction and the mass density are assumed to vary continuously as [22] 
, , , ,											    (1) 
where  and are the shear modulus and the mass density in the middle of the strip respectively;   and  are the Young's moduli in the middle of the strip along the horizontal and vertical directions respectively,  is the gradient parameter, defined as 
,																				(2)
where is the shear modulus on the top surface of the strip. The dynamic equilibrium equations for two dimensions are given by
,	,														(3)
where and  are normal and shear stresses, and  are the displacements. For linear elasticity, Hook's law gives the relationship of the plane stress problem for orthotropic FGM as below
,							(4a)
.					(4b)
where ,and are the non-dimensional parameters related to the elastic constants by the relations
.					                          (5)
in which  and  are constant Poisson's ratios.       
Considering the FGM properties in (1) and the velocity of the elastic shear wave , the equilibrium equations can be written as
,											   (6a)
										  (6b)
By applying the Laplace transform technique with zero initial condition, same as homogeneous materials by Wen et al [28], it becomes
												   (7a)
										  (7b)
where p is the Laplace transform parameter and it is generally a complex number. Considering the symmetric problem to the y-axis, the displacements can be represented using the Fourier transform with respect to the x-axis as
																   (8a) 
																  (8b) 
and the stresses
,													   (9a) 
, 												  (9b) 
,														   (9c)
where  and  are unknowns depending on the Fourier transform parameter and the boundary conditions of the strip, and are four roots of the following characteristic equation:
				  (10)
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in which
												      (13)
and w is one of the roots of the following cubic equation and the one which satisfies :
												(14)
Following the results by Xie [29] for a general cubic equation, the roots of the characteristic equation (14) with complex coefficients can be obtained
   (15a)
 (15b)
where 





For the convenience of analysis for large value of the Fourier transform parameter , the roots can be arranged in the form as 
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and the coefficients
																				  (19)
where non-dimensional coefficient  are
.															  (20)
Considering the opening mode fracture, the displacement discontinuity at the origin along the x-axis is assumed as
																(21)
where  denotes the displacement discontinuity between upper () and lower () medias. Due to the symmetry, we consider the upper layer only ()
.								(22)
Therefore, the boundary conditions of the strip are given by
														(23)
Substituting (8) and (9) into equations (23) above gives
																		       (24a)
					                                                (24b)




in which all parameters are
, ,
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Thus, the Green's functions of the displacement and stress are obtained in an integral form in (8) and (9) respectively.

3.	Green's function of cracked strip




3.1 Characteristic roots for large values of Fourier transform parameter




Substituting (29) into (10) and comparing the coefficients in the characteristic equation gives





Similarly from (20), the coefficients  can be determined for large values of 





3.2 Coefficients of displacements for large values of the Fourier transform parameter









3.3 Green's function of stress for large values of the Fourier transform parameter
















where  and . 
To evaluate the cosine integral, the following formula are used
																	(43)




In the region , the function  is regular and continuous, which can be written as
 													(46)
for large value of . It is obvious that the integral in (42) is convergent for any value of . In addition, the Green's function of normal stress  in (42) is of the same order of hyper-singularity  as that for an infinite plane with isotropic material. However, there is a weak singularity of order  in the cosine integral function . Assuming that in the region ,the integral function can be interpolated, by using a polynomial of the second order, as
							(47)
where , .
Substituting  into Eq. (42) yields

																									(48)
where , . For numerical examples in this paper, these two free parameters are selected as  and , in order to obtain a convergent and accurate Green's function of stress in (42). 

4.	Integral equation of displace discontinuity 
	Consider a central crack collocated at the middle of the strip and assume the density of the discontinuity displacement on the crack surfaces in the region , where a is the half length of the crack, as shown in Figure 1(b). By using the principle of superposition [22], The integral equation with the density of displacement discontinuity on the crack surface in the Laplace domain can be written as
												(49)
where  is traction on the crack surfaces. Take the second degree of the Hadamard’s finite part from the Green's function in (42), the integral equation (49) can be rewritten as
								(50)
in which the function  is of weak singular . It is because that the normal stress is of singularity  at crack tips , we assume the displacement discontinuity is
,																(51) 
where represents the coefficient, are the Chebyshev polynomials of the second kind, i.e.
.																(52)
and K is the number of truncated terms. Due to the integral formula given by Kaya and Erdogan [30], 
,													(53)
where the collocation points are chosen as
,															(54)
then (50) at collocation point  becomes
	(55)
In order to cancel the weak singularity in , the coordinate transformation is applied simply, i.e. . Equation (55) provides a set of linear system of equation with K + 1 unknowns  to be determined. Finally, the stress intensity factors can be determined directly by displacement discontinuity from (51) as follows
.															(56)
From the properties of the Chebyshev polynomials,  and . In the following numerical examples, the free parameter K in (51) is taken as 9.
	Selecting (L+1) samples in the transformation space, is evaluated for each Laplace parameter from (56). Thereafter, the function in the time domain can be determined by the Laplace inversion techniques. A simple and accurate method proposed by Durbin [31] is adopted as follows,
    	   											(57)
wheredenotes the transformed value of function in the Laplace domain, the parameter of the Laplace transform is chosen as: . In the Durbin's inverse formula (57), there are two free normalized parameters in:  and T in the Durbin's inverse method. In fact, the parameter T depends on the observing period in the time domain. In addition, the number of truncated terms K is chosen as 11 in all examples in this paper, which has very little influence on the numerical accuracy.

5.	Numerical examples and discussion
Example 5.1 Central crack under static uniformly distributed load	





1.,  0.3,   0., 0.25
To evaluate the stress intensity factors, the crack normal opening displacement (COD) technique is used. Good agreement has been achieved from this comparison. 
	The second example is to consider a FGM strip with a central crack for three different materials. The mechanical properties of an orthotropic A and isotropic materials considered are listed in Table 2. The normalized SIFs  versus with the ratio  and gradient parameter  are presented in Figure 3 and 4 for isotropic material and orthotropic materials A respectively [28]. The results given by the finite element method (ABAQUS) are shown in the figures for comparison. 

Example 5.2 Central crack under dynamic uniformly distributed load	
	In order to show the accuracy of this approach, an isolated crack of length 2a in an infinite strip of width 2h as shown in Figure 1 subjected to uniform dynamic load  on the crack surfaces is studied, where is the Heaviside function. The number of sample points in the Laplace space  is selected as 200, the parameter T and are selected as 20 and 5 respectively. The time-dependent normalized SIFs versus the gradient parameter  are shown in Figures 5-8. In the first case (I), the thickness of the layer is taken as . Due to the variation of the shear modulus and the mass density, the effects on the SIFs by the elasticity waves are very similar with that for homogeneous materials. For isotropic material, the velocities of dilatation wave and surface wave are  and  (see Wen et al [28]), where ,and are the speeds of the dilatational, shear and surface waves respectively. The normalized SIFs  are shown in Figures 5 and 6, and the location of the first kink (a) is given by , which is the time required for surface waves to travel from one crack tip to the other. The second kink (b) is due to the surface wave staring from one crack tip and travelling to the other and back, which is much weaker than wave (a). Obviously, the third kink (c) is caused by the arrival of the reflected dilatation wave from the free boundary starting from one crack tip (right tip) with normalized time . Again, the kink (d) is caused by the arrival of the reflected dilatation (shear) waves from the free boundary starting from crack tips. It is not difficult to identify each sharp kink in Figure 5 by considering the arrival time for the elastic waves as the ratio  is large. However, in the second case (II) with the thickness of strip , the first kink (a) for isotropic material is caused by the arrival of the reflected dilatation wave from the free boundary starting from the crack surface with the normalized time . Due to the influence of the free boundary, there are many reflected waves before the arrival of surface wave. Therefore, it is not easy to identify each kink following kink (a) in the very thin strip. The results of SIFs for orthotropic materials are shown in Figures 5 and 6 when  and in Figures 7 and 8 when respectively. The influence on the numerical results (kinks) by the elastic waves can be seen clearly in these four figures. For homogeneous materials, the discussions on the elasticity waves in details were given by Wen et al [28]. 
   
6.	Conclusion
	The Green's function of displacement discontinuity was derived in this paper for isotropic/orthotropic FGM strip. The normalized static and dynamic stress intensity factors were obtained numerically. The integral equation methods for cracked strip under static and impact loads on the crack surfaces were shown to be accurate, in order to evaluate the static/dynamic stress intensity factors by the use of the Chebyshev polynomials. The influences of the material properties on the time-dependent SIFs were observed. Although only mode I fracture problem was studied in this paper, this technique can be extended to functionally graded materials with gradient along the horizontal direction (x-axis) and to mixed mode fracture problems under either static or dynamic load.
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